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COUNTERINTUITIVE PROBABILITY TASKS IN PRESERVICE
MATHEMATICS TEACHER EDUCATION: REASONING,
MISCONCEPTIONS, AND RESPONSES TO STUDENT ERROR

Abstract. The current study examines preservice mathematics teachers' answers, explanations,
and evaluations of a hypothetical student's errors on six counterintuitive probability tasks. Three types
of performance were assessed: selecting an answer, mathematically explaining the chosen answer,
and analyzing a hypothetical student's error. Participants were 172 mathematics preservice teachers
recruited through convenience sampling from two teacher training institutions in Kazakhstan — a
primary sample of 145 from a private university in the Almaty region and a second-site sample of 27
third-year students from another private institution in the Zhetysu region. The research design
involved selected-response analysis as well as coding of 1,032 written explanations and 1,032
evaluations with the optional reflections of participants' justifications for their answers and/or
critiques of the hypothetical student's solutions. Quantitative analyses addressed task difficulty,
block-level comparisons, comparison of course-exposure subgroups in the primary sample, as well
as estimation of population-averaged logistic regression models with responses nested within
participants. Qualitative analyses included task-based coding of explanations and evaluations,
followed by expert audit of the coding scheme. Three main findings are reported. First, the split
between Tasks 1-3 and Tasks 4-6 was particularly clear in the primary sample. Second, regardless
of location, answer accuracy exceeded the quality of written explanations and pedagogical
evaluations because many participants picked the right answer but could not explain why or properly
evaluate a hypothetical student's error on the hardest tasks. Third, the second-site sample showed a
relatively low task difficulty gradient resulting in a significant site by task block interaction effect.

Keywords: counterintuitive probability tasks, preservice mathematics teachers, probabilistic
reasoning, misconceptions, pedagogical content knowledge, student error analysis

Introduction

Despite being structured according to logical principles, mathematics often seems like a complex
discipline for people without proper background. However, it does not mean that all the ideas
proposed in mathematics are easy to accept. There are several problems which appear simple yet
prove to have incorrect first solutions. That is why counterintuitive problems play an important role
as they show the contrast between plausible solutions and mathematics-based approaches. A student
starts with a certain level of assurance, hesitates after making mistakes, and finally arrives at a more
profound understanding of the structure of the problem.

Preservice mathematics teachers should solve the task properly, explain why wrong solutions
emerge, and help learners to move from intuitive to mathematical reasoning (Elbehary, 2021; Hokor
et al., 2021). At that, merely knowing the right answer is not enough. When children go to schools,
they already know something about probability, fair events, numbers, patterns, etc. A teacher who
fails to separate intuitive and mathematical thinking will not be able to discuss learners' opinions.

It seems particularly important in probability since the most of its basic principles contradict
common sense (Laura et al., 2017; Knudtzon, 2019). Events perceived by people as less random have
the same probability as other events. No streaks change the probabilities of outcomes when it comes
to an independent process. Some rare conditions can result in lots of false positives. Samples tend to
be more variable when they are small.

231


https://doi.org/10.47344/m8d06v22
mailto:241105022@sdu.edu.kz

SDU Bulletin: Pedagogy and Teaching Methods 2026/2 (75)

Teacher education should pay particular attention to this point. Preservice mathematics teachers
stand at the boundary between being learners and becoming instructors. Their level of understanding
affects how they explain concepts, design examples, respond to questions, and interpret student
mistakes. If they can produce a correct answer while failing to understand why intuition misleads,
classroom teaching may become procedural rather than explanatory (Burgos et al., 2022a, 2022b;
Demirci et al., 2017).

Although considerable attention is paid to probabilistic reasoning and teacher learning,
counterintuitive tasks are not well investigated in the field of teacher education (Alvarez-Arroyo et
al., 2024; Hokor et al., 2021). Many teacher training programs emphasize formulas and algorithms
rather than tasks which require revising one’s initial intuitions. Thus, there is reason to suppose that
pre-service teachers have insufficient experience in working with misconceptions that appear when
probability is at odds with common sense. There is no doubt about both practical and scientific
necessity to investigate them more thoroughly.

Against this backdrop, it is necessary to view probability tasks not only in terms of correct and
incorrect solutions. In fact, they can also function as diagnostic tools indicating patterns of reasoning,
repeated mistakes and the level of pedagogical preparedness when dealing with student errors
(Korkmaz & Alkan, 2023). Hence, the current study is focused on three related aspects of students’
performance including the correctness of their solution, the correctness of the provided mathematical
explanation and the correctness of the evaluation of their peer’s mistake. Thus, this study will go
beyond assessing preservice teachers' mathematical knowledge. Instead, the research will focus on
the relationship between mathematical understanding and readiness for teaching mathematics.

Research Questions

1. How successfully do preservice mathematics teachers solve counterintuitive probability tasks?

2. What types of reasoning do preservice mathematics teachers use when justifying their answers
to counterintuitive probability tasks?

3. What misconceptions appear most frequently in preservice mathematics teachers’ responses
to these tasks?

4. How effectively do preservice mathematics teachers identify and respond to hypothetical
student misconceptions related to these tasks?

5. What is the relationship between success in solving counterintuitive probability tasks and the
quality of pedagogical responses to student error?

Literature Review

Indeed, probability has remained one of the areas where students struggle the most within
mathematics education due to the inherent contradiction between probability and common sense. In
many cases, students might have the necessary visual structures or methods to solve certain
mathematics problems. However, probability offers additional challenges because things that seem
to happen infrequently actually occur frequently, results of a random process do not seem to be
random, and decisions that would seem to be fair or logical might lead to the wrong solutions.
Probability problems tend to be highly counterintuitive, and thus people often make mistakes while
trying to apply common-sense reasoning to these issues (Knudtzon, 2019; Laura et al., 2017).
Therefore, probability has long been associated with a domain in which reasoning diverges from
intuition significantly. Moreover, such problems shed light on the core of probability thinking and
reasoning — at first glance, people's decisions may be guided by experience, resemblance, or balance,
rather than underlying mathematics structures.

Such an issue is particularly important when it comes to training future teachers of mathematics.
Apart from solving probability tasks correctly, prospective teachers need to explain their solutions,
find an explanation for learners' mistakes, and offer the necessary corrective actions. Hence, the
training of such specialists should focus not only on helping them solve tasks correctly. Instead, they
need to learn how to understand the moment when their intuitions help or mislead them. It turns out
that prospective teachers' ability to explain student misconceptions and provide adequate solutions is
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more important than their knowledge of probability problems. Hence, teacher training programs in
probability must concentrate on prospective teachers' interpretation of students' reasoning (Burgos et
al., 2022a, 2022b; Bursali & Ozdemir, 2019; Korkmaz & Alkan, 2023).

An extensive corpus of empirical work reveals that preservice teachers are susceptible to a
number of probabilistic biases typically exhibited by secondary school students and adults. Several
groups of misunderstandings consistently emerge from research. The representativeness bias is one
of the most common: in this case, individuals evaluate the likelihood of a certain event based on
whether or not it looks like their representation of randomness. As Blanco and Chamberlin (2019)
and Hokor et al. (2021) have found, mixed sequences of events are often perceived as more probable
than clustered ones in the cases when all the outcomes have identical chances to occur. One of the
other typical biases is the gambler's fallacy: individuals believe that random events tend to self-correct
over a brief period and predict a reversal after several successful attempts. In this respect, Hokor et
al. (2021) point out that even preservice teachers display this behavior pattern because formal training
fails to remove intuitive expectations.

In addition, preservice teachers suffer from the problem of equiprobability bias, assuming that
any event which they can see is equally probable regardless of whether there is no uniformity in the
sample space. According to Dayal and Sharma (2020) and Hokor et al. (2021), preservice teachers
use symmetry to determine the odds of an event without counting possible outcomes systematically.
There is also some data that suggests that preservice teachers encounter challenges associated with
probability when it has to be interpreted through more complicated means. Thus, Batanero et al.
(2015) demonstrated that preservice teachers faced semiotic conflicts while solving problems relating
to calculating simple, joint, and conditional probabilities using two-way tables. Overall, Kuzu and
Arican (2020) show that there are inconsistent profiles of competence in statistics and probability
among preservice teachers.

The complexity is further compounded where probability problems require knowledge of
conditional statements, previous data, or variations within different samples. According to Kokli
(2024), many preservice teachers demonstrate poor comprehension of Bayesian and conditional
inference, especially with regard to the combination of base rate information with diagnostic tests.
The same challenges have been identified by Alvarez-Arroyo et al. (2024), where people struggle to
comprehend probabilistic arguments in media contexts, including conditional probability inversion
and the misinterpretation of correlations as causality. These similar findings were also reached by
Kus and Cakiroglu (2020) on the basis of news stories. Overall, these findings show that probability
mistakes extend beyond theoretical exercises and exist in socially relevant scenarios despite the prior
exposure of learners to concepts and formulas for solving such problems. This highlights that
Batanero and Alvarez-Arroyo (2023) call for a new approach in teaching probability.

Moreover, it emerges from the literature review that having knowledge of probability does not
necessarily mean being able to teach it. Studies focusing on pedagogical content knowledge reveal
that future teachers can recognize the incorrectness of students' responses, but cannot explain their
reasoning and suggest an appropriate way to teach them. According to Burgos et al. (2022a, 2022b),
preservice teachers usually recognize the superficial nature of mistakes without realizing their
underlying reasoning. Korkmaz and Alkan (2023) report similar findings: participants could identify
an incorrect answer but struggled to explain the underlying concepts, such as independence, sample
space structure, or compound event comparison. The same deficiency can be observed in the process
of evaluating students' knowledge of conditional probability, according to Drose et al. (2022). He
(2025) suggests that conventional methods, like tree diagrams, are not sufficient to determine if
preservice teachers have grasped the meaning of students' mistakes. These results are important for
the discussion since teaching mathematics requires knowledge of content and the ability to use
learners' mistakes as evidence of their reasoning. Moreover, this assumption is supported by the
theoretical basis. Elbehary (2022) claims that professional knowledge related to probability needs to
be rethought as a type of probabilistic reasoning, not only as mastery of procedures and discrete
content knowledge. In this context, it is necessary for teachers' knowledge in probability to comprise
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three aspects, namely reasoning within probability, reasoning about probability language, and
interpreting probability notions in educational settings.

Contemporary research has increasingly focused on diagnostic tests, tasks, and response
interpretation measures. According to Lopez-Martin et al. (2025), by requiring prospective teachers
to interpret student responses, one is able to get information about competencies which are otherwise
not detectable using typical test items. Additionally, Drollinger-Vetter et al. (2025) prove that
interventions aimed at structured development of pedagogical content knowledge for teaching
probability enable professional growth; however, their effect cannot always be considered uniform
depending on intervention type used. Alonso-Castafio et al. (2021) note that although preservice
teachers may have no difficulties in solving probability problems, their ability to generate the same
problems or evaluate another student's approach might be limited. The reviewed papers highlight
three distinct yet interconnected aspects: choosing the correct solution, providing mathematical
justification, and assessing another person's reasoning. Literature analysis clearly demonstrates that
such competencies cannot be equated to each other. In terms of instructional research, Hokor (2020)
demonstrates the effectiveness of a constructivist approach in helping teachers overcome
misconceptions regarding probability concepts. Intervention-oriented studies show that teacher
education could benefit from systematic efforts aimed at developing informal inferential reasoning
and pedagogical content knowledge (Vetten et al., 2017). Systematic review research shows that
games offer unique opportunities for probability learning at school and teacher-training level (Sharma
et al., 2021). Finally, recent work on training cycle proves that competence development could be the
foundation of probability-focused teacher education (Su et al., 2024).

Notwithstanding advances achieved in research in both domains, certain limitations of existing
studies remain. For example, a large number of studies focused exclusively on the first aspect of
competence — answer correctness or content — giving insufficient attention to reasoning and even less
attention to hypothetical student reasoning evaluation. Second, while the instruments used to assess
the two aspects mentioned above are abundant, a considerable number of assessments measure only
one kind of misconception instead of examining counterintuitive probability structures as whole.
Finally, although numerous biases have been described, very few researchers considered the
connection between mathematical performance and diagnosing learner thinking. It is important to
note that a preservice teacher might come up with a correct answer to a task despite using faulty logic,
thus failing to provide an explanation of why the given answer makes sense. In other words, without
addressing both types of competence simultaneously, one can significantly overestimate teachers'
readiness for the class.

The current study seeks to fill this research niche, adopting counterintuitive probability tasks as
multi-faceted diagnostic tools in preservice teachers' education. Unlike previous studies, this paper
examines three components of competence: answer correctness, written probabilistic reasoning, and
hypothetical reasoning evaluation. This makes it possible to identify persistent misconceptions and
assess Whether correct answers are supported by adequate conceptual understanding. Hence, the
present study adds another brick to the literature on probability misconception diagnosis and
pedagogical assessment. The novelty of this research lies in the application of a dual diagnosis
approach wherein six tasks are used to contrast correct multiple-choice answers, probability
explanations, and the identification of a potential student mistake. In doing so, this study is able to
provide insights into how correct answers may conceal inadequate conceptual understanding and
insufficient pedagogic diagnosis, an observation that would be difficult to make in other studies
examining only the correctness of responses.

Methods and Materials

The present research adopted an integrated approach to the mixed methods study of a diagnostic
test instrument. Quantitative and qualitative data collection occurred simultaneously using one
written instrument. Nevertheless, data analysis was conducted in sequence. Selected responses were
first analyzed for task difficulty, block-level differences, course exposure variation, and relationships
among performance measures. This led to further qualitative examination of written rationales and
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evaluations, especially focusing on the most difficult tasks and those where a correct choice was
complemented with a poor rationale. Thus, the study features both mixed evidence sources and an
integrated design with sequential analysis of data obtained with a single instrument (Elbehary, 2021;
Hokor et al., 2021; Korkmaz & Alkan, 2023).

Study participants included preservice mathematics teachers studying at two mathematics
teaching programs in Kazakhstan. In the main study group there were 145 students from a private
institution located in the region of Almaty. As far as the distribution of the respondents according to
the grade helped in analyzing the differences in course exposure, the second site extension study
involved 27 third-year students from another private institution in the Zhetysu region. Convenience
sampling was used at both study locations because the study required selecting intact groups
participating in regular teaching program activities.

Data were gathered through an instrument involving six counterintuitive probability questions.
The questions involved topics such as random sequences, gambler’s fallacy, outcome counting,
conditional probability with base rates, compound events without replacement, and sample-size
reasoning. In each question, participants had to give three answers: a choice among the options
provided, an explanation for their choice, and an assessment of the reasoning underlying another
student’s response. Hence, the instrument aimed to collect more information than simply whether the
responses were correct, including reasoning processes and diagnostic evaluations of potential
misunderstandings, consistent with the literature on the topic (Batanero et al., 2021; Drose et al.,
2022; He, 2025; Knudtzon,2019).

In the quantitative analysis strand, attention was paid to chosen answers and patterns at the task
level. Specifically, the analyses covered item-level correctness, within-participant block differences,
and pre- versus post-course comparisons within the Almaty-region sample. Population-averaged
logistic regressions with responses nested within participants were also estimated. For the multi-site
analysis, institutions were compared both descriptively and on a year-matched basis. The Year 3
subgroup from the Almaty-region institution served as the most appropriate reference for the entirely
third-year Zhetysu-region sample. The six-task combination served as a diagnostic tool, given that it
assessed different misconception families.

The qualitative analysis considered the textual information. The justifications and evaluations
were analyzed within the context of the task question, participant selection, and a hypothetical student
response. This approach facilitated the study’s explanation of the noticeable separation of Tasks 1-3
from Tasks 4-6, the typical difference between correct responses and sound reasoning, and the low
instructional diagnostic utility found in the difficult tasks.

The accuracy counts included blank responses as errors. Blank responses that occurred in
justifications and evaluations were retained as distinct qualitative categories. Participant identifiers
were stripped from the data set and assigned numerical case humbers. Participants submitted their
responses during normal risk-free program activities through research documents without identifying
information. Participation was voluntary, informed consent was obtained, and anonymity was
preserved during data processing and reporting.

Context and analytic procedure

Participants were enrolled from two different institutions. The first one was a private university
located in the Almaty region, which included students ranging from Year 1 to Year 5. Second, the
participants of the comparison group came from the private university located in the Zhetysu region,
which consisted of 27 students of Year 3. In relation to the analytical part of the sample in the Almaty
region, it was divided into the pre probability course group and post probability course group. The
pre-course group consisted of Years 1 and 2, while the post-course group consisted of Years 3 and 4,
and had already taken the probability course. One participant of Year 5 from the Almaty region was
used in the descriptive statistics part but was excluded from comparisons. As a result of only having
Year 3 students in the Zhetysu region, comparisons between institutions were conducted in terms of
the whole sample from the Almaty region and also a subgroup of Year 3 from the Almaty region
sample.
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With regard to the analysis of selected-response questions, the key focus of analysis was set
around the answer to one fundamental question about stability in six tasks. While the first three tasks
dealt with exact sequence reasoning, independence, and visible counting, the last three tasks
examined base rates, structure of hidden compound events, and variability in sample size.
Consequently, the analysis included description, comparison between two task blocks within a
student, comparisons between groups exposed to the course at the level of each task, and population-
averaged logistic regression with responses nested within individuals.

Both the 1,032 written explanations and the 1,032 evaluative responses were coded separately
utilizing a task-based coding scheme. During the first coding phase, an extensive code reflecting the
dominant reasoning pattern was attributed to each response. During the second coding phase, the
task-based code was appraised using a set of general criteria and boundary rules with specific
emphasis on cases when there is a right answer but a weak explanation. The resulting coding scheme
allowed for discrimination between good, partial, misconception-driven, empty, and irrelevant
written justifications and also between substantive, weak, wrong, confusing, and empty evaluation of
the hypothetical learner. After the preliminary coding was complete, the codebook and coded matrices
were reviewed by two experts in mathematics education as a coding audit.

Results

The results are organised in three layers. First, the main findings are reported for the primary
Almaty-region institution sample, which remains the analytic base because it contains the full year
distribution. Second, the Zhetysu-region institution sample is introduced as a second-site extension.
Third, the two sites are compared directly, with year-matched analyses used where appropriate.

Table 1

Participant Profile by Institution

Institution n %

Private institution in the Almaty region 145 84.3
Private institution in the Zhetysu region 27 15.7
Total 172 100.0

Within the Almaty-region institution sample, Years 1 and 2 formed the pre-course group (n =
68), and Years 3 and 4 formed the post-course group (n = 76). The Zhetysu-region institution sample
consisted entirely of third-year students. This imbalance makes the year-matched Almaty-region
institution Year 3 comparison especially important for institutional interpretation.

In the primary Almaty-region institution sample, the mean selected-response score was 3.88 out
of 6, with a standard deviation of 1.18 and a median of 4. Only 12 respondents answered all six items
correctly. Internal consistency for the six selected-response items was low (Cronbach’s a = 0.23),
which is consistent with the interpretation of the instrument as a diagnostic battery probing distinct
misconception families rather than as a single scale.

In the primary Almaty-region institution sample, task-level performance showed a sharp split.
The first three tasks were answered correctly by large majorities of students, whereas the last three
tasks were much more difficult. Nearly two thirds of the participants, 64.8%, solved all three
foundational tasks correctly, but only 13.1% solved all three advanced tasks correctly. A Wilcoxon
signed-rank test confirmed that foundational block scores were significantly higher than advanced
block scores (p <.001).

Table 2

Task-Level Selected-Response Performance in the Primary Almaty-Region Institution Sample
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Task Coreidea Correct (n) Correct (%) Item-restr
1 Random sequence 123 84.8 0.07
2 Gambler’s fallacy 129 89.0 0.15
3 Sum of two dice 117 80.7 0.14
4 Conditional probability and base rate 64 44.1 0.23
5 Without replacement 66 45.5 0.04
6 Sample size 63 43.4 0.03

This primary-sample pattern was replicated in a population-averaged logistic model with
responses nested within students. Correctness was far more likely on the foundational block than on
the advanced block (odds ratio = 7.80, z = 7.97, p < .001). Course exposure showed no significant
main effect (z = 0.50, p = .621), and there was no significant interaction between course exposure
and task block (z = -0.51, p = .611). In other words, the dominant divide in the primary sample was
task type rather than year level or probability-course exposure.

Table 3
Course-Exposure Comparison for Selected Answers in the Primary Almaty-Region Institution

Sample

Measure Pre-course Post-course Statistic p

Total score, mean 3.84 3.88 t=-0.22 0.826
Task 1 correct, % 88.2 81.6 x’=1.23 0.268
Task 2 correct, % 86.8 90.8 x?=0.59 0.443
Task 3 correct, % 80.9 80.3 x’=0.01 0.925
Task 4 correct, % 45.6 42.1 x’=0.18 0.674
Task 5 correct, % 48.5 42.1 x?=0.60 0.439
Task 6 correct, % 33.8 51.3 x’=4.48 0.034

Within the Almaty-region institution sample, the comparison by course exposure produced a
restrained picture. Students who had not yet taken the probability course had a mean total score of
3.84, whereas students who had taken the course had a mean total score of 3.88. The difference was
trivial and not statistically significant. At the item level, only Task 6 showed an unadjusted post-
course advantage. Even there, the broader pattern was persistence rather than broad remediation of
counterintuitive misconceptions.

Second-site extension and cross-university comparison
The second sample consists of twenty-seven students who belong to the third year of the
preservice teacher training in mathematics. Considering the composition of the second sample which
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consists of students of the third year, the most relevant comparison for such research will be the third-
year students of an educational institution in the Almaty region.

I:EI:-eLivel Selected-Response Accuracy Across Institutions and Year-Matched Comparison
Task Almaty-region Almaty-region Zhetysu- p (Zhetysu-region
institution total % institution Year 3 % region institution vs

institution % Almaty Year 3)

Tl 84.8 82.4 59.3 0.026

T2 88.3 88.2 88.9 0.932

T3 814 82.4 70.4 0.223

T4 44.8 43.1 66.7 0.048

T5 45.5 41.2 59.3 0.128

T6 44.1 56.9 59.3 0.838

The second sample did not simply replicate the pattern observed in the first sample. The students
who came from the institution in Zhetysu region showed substantially poorer results in Task 1, very
similar results in Task 2, slightly worse results in Task 3, but better results in Tasks 4 to 6. As far as
the task-level analysis between the two groups is concerned, the greatest discrepancies are in lower
scores in Task 1 (p =.026) and higher scores in Task 4 (p = .048).

Table 5
Block-Level Comparison and Institutional Interaction
Comparison Tasks 1to 3 Tasks 4 to 6 p (Within-
mean mean site contrast)
Almaty-region institution total 2.54 1.34 p <.001
Almaty-region institution Year 3 2.53 1.41 p <.001
Zhetysu-region institution 2.19 1.85 0.179

In block terms, the contrast that dominated the Almaty-region institution sample was much flatter
in the second site. The primary Almaty-region institution sample averaged 2.54 out of 3 on Tasks 1
to 3 and 1.34 on Tasks 4 to 6, whereas the Zhetysu-region institution averaged 2.19 and 1.85,
respectively. In a year-matched population-averaged logistic model, the decline from the foundational
block to the advanced block was significantly smaller in the Zhetysu-region institution than in the
Almaty-region institution Year 3 subgroup (site x block odds ratio = 3.64, p = .008). This means that
the second site preserved the general value of the instrument but not the exact same internal difficulty
structure.

Analysis of the profiles of students revealed consistency of results across different locations. For
the sample of an institution located in the Almaty region, there was a predominance of the front-
loaded type of difficulty distribution, which showed that success tended to occur in Tasks 1-3 but
then decreased significantly in Tasks 4-6. The institution situated in the Zhetysu region had more
profiles which demonstrated success across the board and also had late strength.

Written justifications and misconception patterns

The verbal reasoning demonstrated a lot of weaknesses compared to those found in the selection
responses. Out of the total 870 explanations provided, only 233 were coded as valid while 286 were
partial explanations. Another 282 were misconceptions and 69 were not filled. The strongest
reasoning was in Task 1 and Task 2 while the weakest was in Task 4, 5, and 6.
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-(gﬁg:ietf of Written Justifications by Task in the Primary Almaty-Region Institution Sample
Task Sound Sound Partial Misconception Blank/Unclear
(n) (%) (n) (n) (n)

1 59 40.7 51 29 6

2 84 57.9 38 14 9

3 ol 35.2 54 33 7

4 5 3.4 29 92 19

5 19 13.1 71 43 12

6 15 10.3 43 71 16

A clear difference arose between option selection and justification on the more difficult
questions. On question four, sixty-four respondents chose the right response, while only five gave a
valid justification for the answer. Question five was answered correctly by sixty-six participants, but
only nineteen were able to give a valid justification for their choice. Question six had sixty-three
correct answers, but only fifteen could give a valid justification.

Table 7
Dominant Misconception Patterns with lllustrative Translated Excerpts
Task  Dominant Illustrative translated excerpt  Illusttive sound reasoning

misconception
1 Representativenes The more mixed sequence looks  Each exact sequence has

S bias more random, so it is more probability 1/64, so the two
likely. sequences are equally likely.

2 Gambler’s fallacy Tails is more likely now because Each toss is independent, so the
heads has happened too many sixth toss remains one half and
times. one half.

3 Outcome- The sums 6 and 7 are equal There are six ordered pairs for 7

counting error because the possibilities are the  and five ordered pairs for 6, so 7
same. is more likely.

4 Base-rate neglect  The test is 90% accurate, so a The disease is rare, so false
positive result means the person  positives outnumber true
probably has the disease. positives.

5 Single-path Red then blue is 3/5 x 2/4,so it One red and one blue has two

reasoning is equal to two reds. orders, red-blue and blue-red, so
the probabilities must be added.

6 Sample-size The larger hospital is more Extreme percentages occur more

neglect likely because more children are  easily in the smaller sample.
born there.

Evaluating the hypothetical student’s reasoning

It was found that the evaluative responses pointed out another shortcoming in the pedagogy. Of
the 870 evaluative responses, 192 were mathematically grounded, 280 were correct but partial, 188
adopted an incorrect stance, 51 were ambiguous, and 159 were blank. It seems that tasks 4, 5, and 6
revealed poor evaluative skills.
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Table 8
Quality of Evaluative Responses to the Hypothetical Student by Task in the Primary Almaty-
Region Institution Sample

Task Grounded _Correct but Incorrect Unclear Blank
correct (n) thin/mixed (n) stance (n) (n) (n)
1 48 58 9 6 24
2 50 53 13 7 22
3 33 67 14 10 21
4 23 23 56 9 34
5 12 47 49 9 28
6 26 32 47 10 30

Taken together, the results show that content performance and written competence were related
but far from identical. The strongest descriptive summary of that mismatch is the task-level contrast
among selected answers, sound justifications, and grounded pedagogical evaluations.

Figure 1 compresses this pattern into a single visual display and makes the sharp decline in
explanation quality and grounded pedagogical evaluation on Tasks 4 to 6 immediately visible.

Figure 1
Accuracy, explanation, and pedagogical diagnosis by task in the primary Almaty-region
institution sample.

Accuracy, explanation, and pedagogical diagnosis by task

EEE Correct answer B Sound justification mmm Grounded evaluation

100

Percentage of students

Task

Table 9
The Answer-Reasoning Gap in the Primary Almaty-Region Institution Sample
Sound
Correct Sound Grounded
Task Answers (n) Justifications (n) Amon(% /f):)orrect Evaluations (n)
1 123 59 48.0 48
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2 129 84 65.1 50
3 117 51 43.6 33
4 64 5 7.8 23
5 66 19 28.8 12
6 63 15 23.8 26

Qualitative elaboration of the hardest tasks

The highest deviation between picking the right option and explaining the chosen response is
shown in Task 4. The misconception-driven answers highlighted the high precision of the test (90%)
and equated this statistic with the probability of disease presence in the case of a positive test result.
In turn, better answers focused on comparing the predicted number of true and false positives and
included the low prevalence of the disease in their reasoning.

The most evident linear thinking was seen in Task 5. Several students evaluated only one path
through which the mixed colour combination could take place, despite there being two possible paths
in this case. The best explanations pointed out the two paths (red/blue and blue/red combinations).

In Task 6, the sample-size effect was largely overlooked. The misconception-driven answers
argued that both hospitals were equally likely to show an extreme percentage of boys since there was
a chance of 1/2 for a boy birth. The better answers addressed the issue of variability and noted that
extremes were more probable in small samples.

As the qualitative analysis of the cases demonstrates, the problem cannot be simply attributed to
low academic achievement of the respondents. While many students picked the right answer, they
still lacked the skills necessary to formulate the underlying probabilistic principle or to account for
the gap between the given example and the learner’s understanding of the problem. This distinction
is important in teacher preparation as a good class explanation requires more than choosing the right
answer.

Optional reflections confirmed the overall tendency. Out of 101 nonblank answers, Task 4 was
perceived as the hardest task by 49 respondents while 27 of the participants chose Task 6 as the most
problematic one.

Second-site qualitative extension

The use of the same coding system to analyze written responses from the institution in the
Zhetysu region confirmed the appearance of the very same types of misconceptions in Tasks 1
(representativeness), 2 (gamblers' fallacy), 3 (outcome counting), 4 (base rate neglect), 5 (single path
reasoning), and 6 (sample size neglect) as in the first sample. Thus, the second sample provided
additional evidence for the conceptual validity of the instrument in different institutions.

Alongside with the similarities in the types of errors committed by students, the qualitative
analysis revealed a different distribution of strengths among them. In contrast to the primary sample,
students from the Zhetysu region provided relatively frequent justifications of their answers that
involved the use of explicit reasoning. For example, several responses to Task 4 compared true and
false positive cases; several responses to Task 5 made the two paths in the mixed colours event
apparent; and some responses to Task 6 referred to greater variance in smaller samples. This pattern
is consistent with stronger probabilistic reasoning on these particular tasks, although the small
second-site sample prevents strong institutional claims.

It is worth pointing out, however, that the difference between the samples was not absolute but
was confined to some tasks only. As seen from Task 1, assertion-level agreements with the equal
probability claim prevailed in the secondary sample. As can be seen, the qualitative results confirm
the quantitative findings and reinforce the interpretation that the institutional differences between two
samples are profile differences.

Figure 2
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Tasks named as hardest in the optional reflection in the primary Almaty-region institution
sample.

Tasks most often named as hardest
50 A 49
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20 A
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10

1 2

T1 T2 T3 T4 T5 T6
Task named as hardest

Discussion

In light of the presented results, one may suggest that the engagement of preservice mathematics
teachers with the counterintuitive probability problems should not be understood only in terms of
accurate vs. inaccurate answers. The collected data show that, for quite a number of participants, it
was possible to choose a correct option, but not to justify it adequately. Moreover, when asked to
analyze hypothetical student reasoning, a majority of participants was able to point out that something
was wrong about the solution, but not able to specify this issue in terms of mathematical concepts
and principles. It would be fair to assume that there is an obvious relationship between the ability to
provide a correct answer, the skill of probabilistic reasoning, and pedagogical diagnosis, but these
skills should not be confused as one kind of competence.

One of the most evident conclusions that can be drawn from the results obtained is the inequality
in the level of difficulty of all six tasks tested. While three first tasks were completed successfully by
the vast majority of participants (random sequence, gambler's fallacy, sums of two dice), three other
problems appeared to be much harder (base rate, without replacement, sample size). This conclusion
is important since it indicates that the counterintuitive probability tasks do not belong to the same
level of cognitive activity. Some questions may represent familiar types of intuitive errors, whereas
other tasks presuppose more profound control of conditional structure, event composition, and
variability of samples. In other words, the presented results prove the findings made in previous
researches concerning the complexity of probability understanding.

In addition, the results indicate that correct answers do not necessarily reflect participants'
knowledge of probabilistic concepts. This gap was most evident on the complex tasks — base rate,
without replacement, and sample size. Participants chose the correct answer but could not explain the
role of prevalence, sensitivity, or false positives. It can be concluded that the presented problem is
educationally important since it refutes the generally accepted opinion regarding teacher preparation
programs which imply that the correct answer is synonymous with adequate knowledge.

Misconception patterns in the written responses correspond well to previous findings. For
example, representativeness reasoning was frequently the cause of the wrong choice in the random-
sequence problem, where mixed sequences were viewed as random and therefore seen as having
higher probability. Participants who took the gambler's-fallacy problem showed a subset of beliefs
that tails became more probable after several successes (heads). For the dice-sum problem, errors in
counting all possible outcomes as well as equating probabilities of all observable outcomes regardless
of the structure of sample space were prevalent sources of misconceptions. The base-rate problem
displayed a strong misunderstanding, as many participants focused on the accuracy of the testing
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while ignoring its low prevalence. Without-replacement problem displayed inability to consider all
relevant paths, and sample-size problem revealed that many participants were unaware of the fact that
extreme proportions happened more often in small sample sizes.

Furthermore, the present findings contribute to the literature by showing that misconceptions can
persist despite effective solving. Specifically, a significant challenge was in evaluation of
hypothetical student reasoning. First of all, some participants gave the right answer to the question
and argued it briefly. Second, others stated the right solution but failed to provide an analysis of the
student's reasoning. Finally, there were also those who agreed with the student based on an initial
look at the answer. Thus, the findings imply that pedagogical content knowledge of probability is
more complex than mere content knowledge. Effective probability teaching needs future teachers to
understand what makes intuitive explanations compelling and how to guide students toward
mathematical reasoning.

Moreover, comparing students who had not yet taken a probability course with those who had
already taken one is also essential. Indeed, in this case, we cannot speak about causation and thus
should not make any strong claims. However, still, this information can be used for our interpretation
since the association with formal course exposure appeared limited in terms of solving
counterintuitive problems. Specifically, only one of the examined problems showed the post-course
advantage, which cautiously suggests that routine instruction alone may not remove deeply rooted
intuition-related misconceptions.

The secondary-site comparison provides an additional contribution to the literature. The latter
does not simply illustrate the same pattern in the context of a broader aggregated sample. Instead, the
secondary comparison helps examine the diagnostic usefulness of the instrument and simultaneously
suggests differences in the prominence of the various misconception families among institutions.
While in the sample from the Almaty region, the most common pattern was characterized by a sharp
drop from the first three to the last three items, in Zhetysu, the decrease was much less pronounced,
implying relatively high results in solving base-rate, without-replacement, and sample size problems
and relatively low scores for the random sequence item. This descriptive pattern is important because
it suggests the presence of stable counterintuitive challenges, along with those that depend on
particular educational circumstances.

Another point of reflection concerns the distinction between mathematical thinking and
professional readiness. There is the likelihood that preservice teachers could correctly solve the
problems, while being unable to deal with schoolchildren's erroneous answers caused by
misconceptions. The conclusion is that the development of diagnostic competence is essential in
teacher training programs and should be done independently of mathematical problem-solving skills.

Therefore, the discussed study has several implications both from theoretical and practical
perspectives. From a theoretical point of view, it supports the three-layered model of professional
competence in terms of probability, including answer selection, justification, and diagnosis. At the
same time, the layers overlap; however, their formation is not the same. Practical implications are
related to the role of counterintuitive probability tasks in teacher education programs. Such activities
have potential for diagnosing student errors, prompting written justifications, and generating
discussion.

Limitations

A few limitations need to be mentioned. Firstly, while the study draws on data from two different
institutions, the second site is much smaller and represents only the third year of students, so the
institutional comparison is not fully equal. Moreover, the comparison of pre-and post-course samples
is cross-sectional and cannot be considered as proof of the causative effect of the intervention. Third,
the heterogeneity of the selected response questions used as part of the questionnaire is likely the
reason behind the low internal consistency coefficient, or alpha. Finally, the qualitative coding relied
on an expert audit rather than independent re-coding of the full response corpus, so formal inter-rater
agreement statistics were not computed. Future studies should employ independent parallel coding to
strengthen the credibility of qualitative classifications.
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Conclusion

This study shows that by using a short set of counterintuitive probability problems, one can
assess three different, but interrelated aspects of teachers’ knowledge: selecting the right
mathematical solution, explaining the probability principle behind the problem, and diagnosing
learners’ misconceptions. The key finding is not that some tasks were harder than others. Rather,
correct answer rates consistently exceeded the depth of conceptual understanding — particularly for
tasks involving base rates, compound events, and sample size.

Adding the second site allowed revealing the same general pattern at both universities despite
differences in the difficulty hierarchy. One important implication concerns the teaching of probability
to future teachers. First, one cannot restrict oneself by measuring correctness only when assessing
probabilistic knowledge. One also needs to ask preservice teachers not only which solution is correct,
but also why a particular solution appears intuitively appealing and why it is inconsistent with
probabilistic reasoning.

Use of Al Tools

Al-assisted tools were used only for language improvement, correction of errors and formatting.
All scientific decisions, data analysis, interpretation, and conclusions were made and verified by the
authors.
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KOHTPUHTYUTHUBHBIE 3AJJAYM 110 TEOPUU BEPOSITHOCTEW B
HOAI'OTOBKE BYAYIIUX YUUTEJIEN MATEMATHUKMU:
PACCY/KAEHMUS, 3ABJIYXIEHUA U AHAJIN3 OHINBOK YUAIIIUXCA

AnHoTanus. JlaHHOE WCClIeJOBaHWE HM3y4aeT OTBETHI, OOBSICHEHUS W OIIEHKH CTYJCHTOB
MeJarOTUYECKUX CIEeNUATLHOCTEH 10 MaTeMaTHKe MpU paboTe C IMIECThI0O KOHTPUHTYUTHBHBIMU
3a/layaMy 10 TEOPUH BeposTHOCTEeH. OICHUBAIMCH TPH THMA JACSITEIBHOCTH: BBIOOP OTBETA,
MaTeMaTH4eCKoe 0ObSICHEHHE BRIOPAHHOTO OTBETA M aHAIM3 OITMOKY TUTIOTETUYECKOTO CTy/IeHTa. B
WCCIIEIOBAaHUU NIPUHSAIN ydacTue 172 cTyneHTa neaarornyeckux CrenuaibHOCTEed 0 MaTEMATHKE,
0TOOpaHHBIX METOI0M y0OHO BEIOOPKH U3 IBYX IeJarOrHueckux yueOHbIX 3aBeieHni Kazaxcrana
— OCHOBHas BbIOOpKa W3 145 dYenmoBek M3 YACTHOTO YHUBEpPCUTETAa AJMATHHCKOW O0NacTH u
JOTIOJTHUTENbHAs BBIOOPKA U3 27 CTYACHTOB TPETHETO Kypca JPYroro 4aCTHOTO y4eOHOTO 3aBe/ICHUS
XKetpicyckoit obmactu. [[u3aitH uccienoBaHus BKIIIOYA aHAIW3 OTBETOB C BHIOOPOM BapHWaHTa, a
Ttake komupoBanue 1 032 mnmchbMeHHBIX OOBsAcHeHMH M 1 032 OLEHOK € BO3MOXHBIMH
000CHOBAHMSIMH YYaCTHUKaMU CBOUX OTBETOB W/WJIM KPUTUKON pELIEHUN TUIOTETUYECKOTO
cTyaeHTa. KonnuecTBeHHBIN aHAIU3 OXBATHIBAJI CJIOKHOCTD 3aJJaHUH, CpaBHEHHE Ha YPOBHE OJIOKOB,
CpaBHEHHE MOArPYII OCHOBHON BBIOOPKH IO MPU3HAKY MPOXOXKACHUS KypCOB, a TAKXKE MOCTPOCHUE
YCPEIHEHHBIX I10 MOIMYJISILUU JIOTUCTHYECKUX PETPECCUOHHBIX MOJIENEN ¢ OTBETaMU, BJIOKEHHBIMHU
B yuyacTHHKOB. KauecTBEHHbIN aHATN3 BKIIIOYANl TEMAaTHUYECKOE KOIMPOBaHKE OOBSICHEHUH U OLIEHOK
C MOCJENYIUIEH SKCIEPTHOM MPOBEPKOM cXeMbl KoaupoBaHusA. lIpenctaBieHbl TpU OCHOBHBIX
pe3ynbraTta. Bo-niepBeiX, pa3peiB Mex 1y 3agaHusMu 1-3 u 3amanusiMu 4—6 Obl1 0COOEHHO BBIPKEH
B OCHOBHOH BbIOOpKE. BO-BTOpBIX, HE3aBUCUMO OT MECTa IPOBEICHHS MCCIEI0BaHUs, TOYHOCTh
OTBETOB MPEBBIIIANIA KAYECTBO MUCHMEHHBIX OOBSCHEHUI M MENaroruueckux OICHOK, MOCKOJIBbKY
MHOTHE YYACTHUKHU BBIOMpAIN MPAaBUIbHBIA OTBET, HO HE MOTJIU OOBSCHUTH NMOUEMY WU JOJDKHBIM
00pa3oM OLIEHUTH OMKUOKY THIIOTETHUECKOTO CTYJeHTa Ha HanboJiee CIOKHBIX 3a/laHusX. B-TpeTbux,
B JIONOJIHUTENIbHOM BBIOOPKE HAOMIOANCS OTHOCUTEIHHO HU3KHUH TPAJUEHT CIOXKHOCTU 33/aHUM,
YTO MPUBEIIO K 3HAYNMOMY 3P (HEeKTy B3auMOACHCTBUS MEXKAY TUIOIIAIKON 1 OJIOKOM 3aJaHHiA.

KitoueBble c¢Ji0Ba: KOHTPUHTYUTHBHBIE BEpOSTHOCTHBIC 3a4aud, OyAyIIME Y4UTENsS
MaTeMaTHKH, BEPOATHOCTHOE MBIIUICHUE, 3a0NIyKIeHUs, TelIaroruyeckoe Cojep)KaHue 3HaHUH,
aHaJn3 OMMOOK yJaIuXxcs
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MATEMATHUKA MYFAJIMJIEPIH JASIPJIAY JAFBI
KOHTPUHTYUTUBTI BIKTUMAJIIBIK ECENTEPI: MAHBIMJIAY, KATE
TYCIHIKTEP 'KOHE OKYIIBI KATEJEPIH TAJIJAY

Anparna. by 3eprTey MareMaTHKa MOHIHIH 0oJIamaK MyFaliMIepiHiH anThl KOHTPUHTYUTUBTI
BIKTUMAJIIBIK ecenTepi OoipIHIIA OepreH »KayanTapblH, TYCIHAIPMENEPIH OHE THIIOTETUKAIBIK
CTYICHTTIH KaTelepiH OaramayblH KapacThIpajabl. YII TYpii opeKeT OarajaHipl: jKayar TaHJay,
TaHJaIFaH JKayalThl MaTEMaTHKAJBIK TYPFBIIAH TYCIHAIPY KOHE THUIOTETHKAIBIK CTYICHTTIH
KateciH Tangay. 3eprreyre KaszakcTanmarbl €Ki MeIarordKaliblK KOFapbl OKY OPHBIHAH BIHFAWIIBI
ipiKTey 9/1iciMEH JKMHAKTaIFaH 172 MaTeMaTHKa MaMaHABIFBIHBIH CTYJICHT-MYFATIMICP] KATBICThI —
AnmMatbl 00JIBICBIHIAFB] KEKe YHUBEpCUTETTEH 145 agaMHaH TypaThlH HET13r'1 ipikTeMe kaHe JKeTicy
00JIBICHIHIaFbI 0ACKa XKEeKe OKY OPHBIHBIH 27 YILIHII KypC CTYIEHTIHEH TYPaThlH KOChIMILIA IPIKTEME.
3epTTey AM3aiiHBl Kayall HYCKaJlapblH TalJaylbl, COHAAW-aK KaTbICYLIbLIAPJbIH >KayarnTapblH
Heri3aeyl )koHe/HeMece TMIOTETUKAIIBIK CTYACHT LIemIMIepiH cbiHaybl OoiibiHmIa 1 032 jxa3baia
tycingipme med 1 032 Oaramaynel koaTayabl KamThiabl. CaHABIK Tajijay TarChlpMaiapIbiH
KUBIHJBIFBIH, OJIOK JEHreHIHJEer1 CalbICThIpyJap/ibl, HET13r1 IpIKTeMeeri KypcTaH OTKEeH Killi
TONTAp/Ibl CANIBICTHIPY/ b, COHJIAI-aK KaThICYIIbIIAp 1II1HE KIPICTIPUITeH kKayanTapbl 0ap NOMyIsuus
OoMbIHIIIa OpTallajlaHFaH JIOTUCTUKAJIBIK perpeccust yJiruiepiH Oaramayabl KaMmTbiabl. Camaibik
Tajjayra TYCIHAIpMenep MeH Oaranaynapiabl TaKbIPBINTHIK KOJTAy, OJaH KEHIH KOATAYy CXEMacChIH
caparnTaManbIK TeKcepy KipJi. YII Heri3ri HoTxke kepceTuinl. bipinmriaeH, 1-3 tanceipmanap MeH
4—6 TanicelpMaliap apachIH/IaFbl AJIIAKTHIK HET13T'1 IpikTeMe e aKblH Oaiikanapl. ExiHmineH, 3epTrey
OpHBIHA KapaMacTaH, >KayanTapJblH IYpPBICTBIFBI ka30alla TYCIHIIpMelep MEH IearoruKaibIK
Oaranaynap/blH CalacblHaH JKOFapbl OOJIIbl, OMTKEHI KONTEreH KaThICYLIbUIAP IYPHIC XKayalTbl
TaHJaraHbIMEH, €H KHbIH TalChIpManap/ia Here JAypblc €KEeHIH TYCIHIIpe alMmaabl Hemece
TUTIOTETUKAJIBIK CTYACHTTIH KaTeCiH Jyphic Oaranmail anmajapl. Y IIHIIIIEH, KOCBIMIIA IPIKTEMEe
TaICbhIPMa KHUBIH/BIFBIHBIH CaJIBICTBIPMAJIBl TYPJE TOMEH I'paJueHTI OaliKanibl, Oyl OpbIH MEH
TarceipMa OJIOTHI apachiHIa MaHBI3/Ibl ©3apa SPEKETTECY CEPIHE OKEIIII.

TyiiiH ce31ep: KOHTPUHTYUTUBTI BIKTUMAJIBIK €cenTepi, OoamiaKk MaTeMaTuKa MyFallimMaepi,
BIKTUMAJIJIBIK OMJIay, KaTe TYCIHIKTED, MMeIaroruKaJIblK Ma3MYHIBIK OUTIM, OKYIITBI KaTeIePiH Taaaay
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